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ABSTRACT
From terminal velocity measurements of solitary finite 
length circular cylinders settling in a large rectangular 
tank of fluid, drag values for infinite length circular 
cylinders translating at constant speed through an unbounded 
fluid were obtained. With the Reynolds number defined as 
Re = 2aUp/y where 2a was the cylinder diameter, p was the 
fluid density, p the fluid viscosity, and U the speed of 
translation, the range of Reynolds numbers spanned in this 
experiment was 0.23 to 2.6. The drag was determined as the 
effective weight of the cylinder in the liquid and the 
Reynolds number was determined from the terminal velocity 
measurements by the time of flight method. Complete data 
tables are Included.
The effects of finite length and finite boundaries were 
accounted for by empirical corrections. The effects of the 
container endwalls and bottom were observed to be negligibly 
small. The sidewalls caused a variation in the terminal 
velocity proportional to the reciprocal of the wall separa­
tion squared. This correction was less than 0.1%. The 
largest correction was for the finite length. It ranged 
from 6.6% to 1.4%. When the influence of the side walls 
was removed, it was found that the reciprocal of the 
terminal velocity was linearly proportional to the 
reciprocal of the length.
vl
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vil
The final results approach Lamb's solution of the Oseen 
equations as the Reynolds number decreases. The data are In 
close agreement with Kaplun's matched asymptotic series 
solution for Reynolds numbers less than 0.5» and are In 
excellent accord with the numerical solutions of Takaml and 
Keller at Reynolds numbers of 1 and 2.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
‘ CHAPTER I 
INTRODUCTION
A. Statement of the Problem
Consider a sphere or an infinite length circular 
cylinder (for convenience object or obstacle), either of 
diameter 2a, immersed in an infinite free stream of 
homogeneous, incompressible, Newtonian fluid of density p 
and viscosity y and in the presence of a conservative body 
force. The free stream is assumed to be uniform far from 
the origin of a coordinate system which coincides with the 
center of the object. The x-axis is taken in the direction 
of the free stream. The geometry of the problem is shown 
in Fig. 1. The subject of interest in this paper is the
u(r),p(f)
Fig. 1. The geometry of the problem.
1
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determination of the drag (drag per unit length In the case 
of the cylinder) In terms of 2a, y, p and the free stream 
velocity ÎÎ for small values of the Reynolds number 
Re = 2a|Ü^p/y.
B. Theoretical Investigations
The drag Is that part of the total force exerted by
the fluid on the sphere or cylinder parallel to the direc­
tion of the free stream and Is calculated by summing the 
fluid stresses across the fluid-solid Interface once the 
velocity u(r) and the pressure p(r) at every point r In 
the fluid are known. u(r) and p(r) are determined from the 
steady flow Navler-Stokes equation
pu(r)*Vu(r) = -Vp(r) + ^ + yV^u(r), (1)
mass conservation
V*u(r) = 0, (2)
and the boundary conditions
u(r) = 0 on the surface (3a)
u(r) $ |rI “ (3b)
p(r) - Pg ^ 0 jr] “ (3c)
where ^ Is the body force and p^ Is the pressure at |r| = ».
^ has been assumed conservative so It may be expressed as
the negative gradient of a scaler function. This allows 
the pressure and body force terms In Eq. (1) to be combined
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
begetting some mathematical simplification. This new term 
is called the modified pressure.
Consider the velocity terms in Eq. (1). The diameter
2a and the magnitude of the free stream velocity U are a
representative length and speed for the flow field as a 
whole. It is reasonable that the estimates
pu^Vuvs/pU^/2a (%a)
]iV^uyU/(2a)^ (%b)
will have the proper order of magnitude. The ratio of these 
two estimates. Re = 2aUp/y is dimensionless and is the 
previously defined Reynolds number. The Reynolds number is 
a measure of the importance of inertial forces as compared 
to viscous forces in computing the velocity and pressure 
fields. If the inertial forces are negligible compared to 
the viscous forces (i.e. Re << 1) then the Navier-Stokes 
equation can be approximated as
0 = -Vp(r) + yV^u(r) (5)
where p(r) is now the modified pressure. Equation (5) is 
frequently referred to as Stokes' equation because it was 
Stokes^ who first used it as an approximation to the full 
Navier-Stokes equation. The condition necessary for Eq. (5) 
to be valid is called the Stokes approximation or the 
condition for creeping flow (or Stokes flow). Stokes 
successfully solved Eq. (5) for the drag on a sphere and 
obtained the result
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Dg = ÔTTviUa (6)
where Dg is the sphere drag. He also attempted to solve 
Eq. (5) for the cylinder drag per unit length but was 
unable to find a solution for the velocity field which 
satisfied the boundary conditions. This was Interpreted 
by Stokes to mean that there was no stable flow pattern for 
the cylinder; experiments, however, showed this conclusion 
to be incorrect. The non-existence of a solution to the 
Stokes equations for the steady motion of fluid past a
2
circular cylinder has become known as the Stokes paradox.
The Stokes paradox remained unresolved for many years 
until Oseen re-examined Stokes' solution for the sphere. 
From this analysis he deduced that while close to the 
sphere the Stokes approximation is valid, far from the 
sphere where the relative fluid motions become small the 
inertial forces become comparable in magnitude to the 
viscous forces. Thus, Stokes approximation breaks down far 
from the sphere and inertia cannot be neglected. (The 
solution that Stokes found for the sphere neglecting inertia 
is by Oseen's criticism not a uniformly valid first approx­
imation to the Navier-Stokes equation. The drag deduced 
from Stokes solution is correct, however, because it is 
computed at the sphere's surface - where inertia can be 
neglected.) Oseen proposed to take into account the 
inertial forces in the region where they are comparable 
with the viscous forces, but to neglect them close to the
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
surface by approximating the term u(r)*7u(r) by Ü»Vu(r). 
This replacement is called Oseen*s approximation and the 
resulting equations are called Oseen*s equations.
pS'Vu(r) = -Vp(r) + yV^u(r) (7)
where p(r) is the modified pressure. Oseen solved this 
equation to obtain the next higher approximation for the 
Stokes’ sphere drag
Dq = 6npUa(l + ^  Re) (8)
where Dq is the Oseen drag for the sphere. This result is
to be considered fortuitous as Eq. (7) is a valid approx­
imation to the Navier-Stokes equation only to the order of
h
the Reynolds number. Lamb solved the corresponding cylin­
der problem to find the cylinder drag per unit length:
= ^TryUe (9a)
where
E = [^ - Y ” &n(Re/8)]  ^ (9b)
and Y = 0.577216... is Euler’s constant.
To obtain higher order approximations to the Navier- 
Stokes equation the technique of matched asymptotic 
expansions'*^ has been developed. The flow field
surrounding the sphere or cylinder is divided into two
regions and separate, locally valid, expansions are 
developed. The substitution of these expansions in the 
Navier-Stokes equations will yield a set of differential
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
equations for the coefficients of the expansions but only 
one set of physical boundary conditions is applicable to 
each expansion - the no-slip condition for the inner expan­
sion and the free stream condition for the outer expansion 
- so that unique solutions cannot be immediately derived. 
The fact that the two expansions are different forms of the 
same exact solution and that they must be equal at some 
intermediate region leads to a procedure which yields 
further boundary conditions for each expansion. From this 
matching condition it is possible to determine alternative­
ly successive terms in each expansion - a procedure which 
in principle can be carried out indefinitely but which in
practice often becomes mathematically difficult after a
15
few iterations. Proudman and Pearson used the method of 
matched asymptotic expansions to verify Oseen’s result for 
the sphere and to extend the sphere drag to the next higher 
approximation. They found the sphere drag to be
Dp = ÔTryUad + Re + Re^ £n (Re/2)) (10)
correct to the order of the Reynolds number squared.
Kaplun^ extended Lamb’s solution of the cylinder drag per 
unit length and found
= ^TTyUed - 0.87e^) (11)
4
with an error on the order of e .
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C. Comparison of Experiments and Theory
The traditional manner of presenting drag measurements 
and calculations is on a dimensionless plot of drag
7
coefficients, C versus Reynolds number. C is defined by
C = D^/|pU^A (12)
where is the total drag and A is the area of the object 
projected on the plane normal to Û. For the sphere A = ira^  
and for the cylinder A = 2aL where L is the length of the 
cylinder and L Figure 2 is such a plot for the sphere
at small Reynolds number and Fig. 3 is the corresponding 
plot for the cylinder.
p
Maxworthy suggested that this traditional manner of 
presenting drag results may be inadequate for detailed 
analysis for small values of the Reynolds number. Con­
sidering the drag on a sphere, he showed that a more 
informative view could be obtained if one plotted the 
fractional deviation of the sphere drag from the Stokes 
drag. Figure 4 is such a plot for a sphere. D is the 
sphere drag and Dg = ÔTryUa is the stokes drag. Shown in 
Fig. 4 are the curves drawn from the normalized formula of 
Oseen, the formula of Proudman and Pearson, the extension
0
of Proudman and Pearson's solution by Chester and Breach,
and the numerical work of Dennis and Walker^^ who used
Van Dyke's^^ semi-analytical method of series truncation.
The experimental points of Maxworthy agree well with
12the more recent measurements of Sutterby. The data agree
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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best with Dennis and Walker’s solution at the higher 
Reynolds number but below Re = 0.8 the data agree also with 
Chester and Breach’s solution. For Re ^ 0.4 all the 
different theoretical approaches agree with each other and 
with experiment. It appears that the results for the low 
Reynolds number drag on a sphere are well established.
A similar plot for circular cylinders can be made but 
It will not be precisely analogous to Pig. 4 for two 
reasons: First, It Is the drag per unit length that must
be considered and second, because of the Stokes paradox, 
there Is no result for cylinders that corresponds exactly 
to Dg for spheres. However, for cylinders there Is the 
approximate solution of the Oseen equations due to Lamb 
that can be used for reference. According to Proudman and 
Pearson this Is the same order of approximation as the 
Stokes drag for the sphere. Figure 5 results from plotting 
the fractional deviation of the measured and calculated 
cylinder drag from Lamb’s solution. D is the cylinder drag 
per unit length and D^ Is the Lamb drag per unit length.
The curves shown In Fig. 5 are the matched asymptotic 
expansion calculation of Kaplun, Underwood’s application 
of the series truncation method, and a formula proposed by 
Williams and H u s s e y . O n l y  a small portion of Trltton’s^^ 
and Jayaweera and Mason’s^^ extensive experimental data Is 
shown In Fig. 5. Trltton’s measurements extend from Re = 0.5 
to Re = 100 and were made by observing the deflection of
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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the free end of a fiber fixed in the test chamber of a wind 
tunnel. Jayaweera and Mason measured the terminal velo­
cities of rods falling in liquid paraffin to obtain results 
from Re = 0.01 to Re - 1000.
Also shown in Fig. 5 are points obtained by various
numerical solutions of the full Navier-Stokes equations.
17The recent work of Schlamp, Pruppacher, and Hamielec, who
used computational outer boundaries as large as 1100 radii,
T 8
agrees well with the results of Takami and Keller, who
used an extrapolation technique to eliminate the boundary
effect. Not shown but in substantial agreement with these
IQ
two solutions are the results of Dennis and Shimshoni,
who treated a pseudo-Oseen problem, and Nieuwstadt and 
20Keller, who also used series truncation but solved the 
simultaneous equations in a manner different from Underwood. 
Higher values of (D/D^ )^ - 1 were obtained by Hamielec and 
Raal^^ and by G r i f f i n . W h i l e  the experimental results 
of Trltton and of Jayaweera and Mason are consistent with 
each other, the scatter of the points in the region of 
Re = 1 is too large for their data to distinguish between 
the different theoretical and numerical results.
D. Purpose of Present Work.
The present paper reports drag measurements on circular 
cylinders in the range 0.23 < Re < 2.6. The data were 
obtained by measuring the terminal velocities of rods
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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falling in silicone oils. Empirical corrections were used 
to account for the effects of finite lengths and finite 
boundaries. The results indicate that as the Reynolds 
number becomes small, the Lamb drag is approached from 
below via Kaplun's formula. The data agree well with the 
numerical results of Takami and Keller and Schlamp, et al.
Reproduced wi,h penpission ,Pe copyrigm owner. Fudher reproduction p .P iM e d  withou,
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CHAPTER II 
EXPERIMENT
Suppose the system of the object and the fluid Is 
given a uniform velocity of -3. This will bring the fluid 
at infinity to rest while the object will assume a velocity 
equal but opposite to the velocity that the free stream had 
before. This superposition of a uniform rectilinear 
motion on the system can have no dynamic consequences so 
the drag is the same whether the object is at rest and the 
fluid flows against it or whether the fluid is at rest and 
the object is moving uniformly through it. The consequence 
of this discussion is that the drag can be measured by 
observing the terminal velocity of a cylinder sedimenting 
in a large tank of liquid.
Terminal velocity measurements were made photoelectri- 
cally by a time of flight technique in a tank of inside 
dimensions 50.0 cm x 25.8 cm x 30 cm. The tank was filled 
to a depth of 27 cm with silicone oil and was equipped with 
movable Plexiglas walls and a false bottom which allowed 
variation of the width (25.8 cm to 1.30 cm), the length 
(50.0 cm to 24 cm), and the depth (27 cm to l6 cm).
The timing apparatus is shown in Pig. 6. A cylinder 
of length L and diameter 2a is shown end on as it falls at 
its terminal velocity . The cylinder is midway between 
and parallel to the container walls which are separated by
15
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a distance H. After being released 3 cm beneath the fluid 
surface, the cylinder fell 7 cm before it reached the first 
of two timing points defined by focused light beams. The 
beam of a Métrologie Model 4lO Laser was expanded to about 
1 cm in diameter by a beam expander (A) and then brought to 
a focus at the midplane of the fall space by a lens (B).
The re-expanding beam was collimated by a lens (C), and a 
right angle prism (D) displaced the beam downward about 
5 cm where another lens (E) refocused the beam to the mid­
plane of the fall space. Lenses (B), (C) and (E) were 
binocular objectives of diameter 35 mm. Two simple lenses 
(P) were used to focus the re-emerging light onto a photo­
detector (G). The details of the photodetector electronics
2-3
are found in Williams* dissertation. As the cylinder 
fell through the timing point, it acted like a shutter and 
momentarily blocked the light reaching the photodetector.
The resulting voltage pulses from the photodetector were 
RC coupled to a timer-counter (Hewlett-Packard 5326B) and 
were used to control the start-stop gating. Times of 
flight were measured to 0.01 ms; they ranged from 360 ms to 
1200 ms and were reproducible to 0.1# provided that readings 
were not taken more often than once every two minutes.
Forward scattering from the laser beam was intense 
enough to observe the beam at the focal points to be less 
than 0.1 mm in diameter. The back scatter from the laser 
beam was not of sufficient intensity to allow both focal
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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points to be observed from the same side of the tank. To 
make both focal points visible simultaneously, a contact 
print of a ground glass galvanometer scale was made on 
135 mm roll film, and the print was suspended vertically 
through both focal points. The separation of the focal 
points was then determined with a cathetoraeter to an esti­
mated ±0.05 mm. From the measured spacing and the time of 
flight, Ujj was calculated to an accuracy of 0.2%.
Figure 6 also shows the forces acting on the cylinder. 
Since the cylinder is falling at its terminal velocity, the 
drag F is equal to the difference between the weight W and 
the buoyant force B. The drag per unit length is 
D = F/L = (W-B)/L. In this experiment F was determined by 
a static weighing of the cylinder in a sample of the fluid 
in which it was to fall instead of calculating it from the 
measured cylinder dimensions, the cylinder mass, and the 
fluid density. The fractional deviation from the Lamb 
drag is
In this expression, the cylinder diameter enters only 
through the &n(Re/8) term in e. In the range of Re in this 
experiment, &n(Re/8) is a slowly varying function, so when 
F is measured directly, Eq. (13) will be relatively insen­
sitive to errors in the measurement of diameter. This is
Reproduced wi,d permission of ,he copyngh. owner. Further reproduction prohibhed without permission.
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particularly important for cylinders of small diameter. At 
the lowest Re in this experiment the error in (D/D^)-l due 
to uncertainty in the cylinder diameter was a factor of
I.96 larger for the indirect calculation of P than for the 
direct measurement of P. The direct measurement of P also 
suppressed errors in the measurement of length and of the 
fluid density. Some of this improved accuracy was lost, 
however, because twice as many weighing operations were 
necessary to determine P directly. Calculation of the total 
error in (D/D^)-l showed that there was a 0.5% advantage in 
directly measuring P at Re = 2.6 and a 1.4% advantage at
Re = 0.23.
The effective weight (W-B) was determined as the
product of the effective mass m' and the local value of the
2
gravitational acceleration g (979-35 cm/sec ). An analy­
tical balance accurate to ±0.1 mg was used to measure the 
effective masses. In this measurement, the cylinders were 
suspended from a thin wire carriage. Since it was neces­
sary to measure the effective mass of the carriage, the 
overall uncertainty in the effective mass of the cylinders 
was ±0.2 mg. Values of the effective masses ranged from 
225.6 mg for the largest diameter, longest cylinder to
II.9 mg for the smallest diameter, shortest cylinder. On 
the average, the measured effective masses were larger than 
the calculated effective masses by 0.4%. Differences of 
±4% were noted for the smallest cylinders.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
20
The cylinders were made from HSS drill blanks (American 
Standard Twist Drill nomenclature sizes #61 through #75).
The diameters ranged from 0.0982 cm (#61) to 0.0526 cm (#75). 
Dimensions of the cylinders are given in Tables I and II. 
Various lengths were used for the sizes #6l, 65, 70, and 
75; single lengths were used for the other sizes. The ends 
of the cylinders were ground square (i.e., flat and perpen­
dicular to the axis). Lengths were measured to ±0.001" 
with a traveling microscope and diameters were measured 
with micrometer calipers to ±0.0001".
Two silicone oils were used. The first was General
Electric 0.5 cm^/sec liquid (SP96) and the second was a
P 2
1 cm /sec blend of SP96 and Dow Corning 5 cm /sec liquid
(DC710). These fluids are known to be Newtonian at the
24low shear rates of this experiment. Viscosities were 
determined with Cannon-Penske routine viscometers immersed 
in a controlled temperature bath over the temperature range 
19 to 26°C. Fluid densities were determined over the same 
temperature range by measuring the buoyant force on a mass 
of known volume. As compared to other fluids commonly used 
in experiments of this type, the silicone oils have lower 
temperature coefficients of viscosity. For example, the 
1 cm^/sec fluid had a temperature coefficient of viscosity 
a = v"^(dv/dT) = 2.0 x 10”^(°C)"^ at 23°C. Glycerine- 
water mixtures and petroleum oils of the same viscosity 
have temperature coefficients of 7.0 x 10~ (°C)~ and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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-• P — 1
4.6 X 10“ (°C)“ respectively. To achieve a precision of
0.1% or better in viscosity, the temperature need be known 
to only 0.05°C for the silicone oils. The temperature in 
the fall space was measured with a mercury-in-glass 
thermometer having 0.05°C divisions.
There was no temperature regulation of the fluid in
the fall space of the container. Before each experiment
the fluid was stirred manually and it received stirring 
periodically throughout the experiment because of the 
cylinder retrieval operations. During an experimental run, 
there was a slow warming trend of the fluid (about 0.5°C/3 
hours). This drift was not due to localized heating from 
the laser beam because the beam was blocked except for the 
short interval of time necessary to make the timing measure­
ment. The temperature drift was independent of the time of 
day and was probably due to the presence of the experimenter.
The correction to P was less than 0.1% and was ignored. The
terminal velocity was observed to depend upon the
temperature through the temperature dependence of the
—  1/2viscosity. was found to vary accurately as v“ and 
this relation was used to adjust the velocities to the same 
temperature by means of the equation
Ujj(To) = U%(T)/[1 - |a(T-T^)] (l4)
where T is the temperature at which the measurement was 
made and T^ is the reference temperature (usually the
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average temperature for the run); a was evaluated at T^. 
Since the temperature drift was small, the resulting 
adjustment in the velocity was also small (<0.3%).
Error estimates are summarized in Table III. These 
estimates are for the longest cylinders of sizes #6l and 
#75 and for two different viscosities. Errors in the 
measurement of cylinder length and fluid density were less 
than 0.1%. The largest source of error was in the measure­
ment of terminal velocity U. The error estimate given for 
Ü includes the effect of extrapolating to infinite length 
(as described subsequently). While the reproducibility of 
the viscosity measurements was better than 0.1%, the
absolute viscosity is known to only 0.25% because of
25uncertainty in the standard of viscosity. The last 
three columns in Table III give the errors in Reynolds 
number, the dimensionless drag D/D^, and the fractional 
deviation from the Lamb drag, as calculated from the errors 
in the measured quantities.
Several different methods were used to hold and 
release the cylinders in the fluid: a mechanical device
consisting of a horizontal Plexiglas cylinder with axial 
grooves on its periphery (similar in form to a tooth-pick 
dispenser); an electromagnet; and holding the cylinder at 
its midpoint with tweezers. The results were independent 
of the method of release. Before each experiment, the 
cylinders and any ferrous objects that were to be used to
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handle the cylinders were passed through a degaussing coil. 
Usually cylinders of the same diameter were dropped in 
order of decreasing length. Altering the dropping order 
(that is, progressing from shortest to longest length or 
alternating different diameter cylinders) had no signifi­
cance. When about ten cylinders had accumulated on the 
bottom of the tank, retrieval was done with a 1/8" diameter 
plastic rod which had a slot cut in one end. It could be 
slipped (like a clothespin) over the waist of the cylinder, 
pinching it and allowing retrieval without damaging or 
magnetizing the cylinders.
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CHAPTER III 
RESULTS
Utj has been defined as the terminal velocity of a n
cylinder of length L falling midway between and parallel to 
plane boundaries separated by a distance H. Let be 
defined as the velocity of a finite length cylinder in an 
unbounded fluid and let U remain the velocity of an 
infinite length cylinder in an unbounded fluid. Empirical 
boundary and length corrections were obtained and were used 
to calculate U from the measurement of Uy.
A. The Boundary Correction
For the range of Reynolds numbers studied in this 
experiment, the influence of the container boundaries on 
was very small. The major boundary influence was that of 
the sidewalls (i.e., the vertical walls parallel to the 
axis of the cylinder). The effect of the sidewalls was 
studied in the 1 cm^/sec fluid with the #6l, 65, 70 and 75 
cylinders of various length. As H was reduced from 25.8 cm 
to 1.30 cm, the velocity U^ decreased. The results are 
given in Table 11 and in Figs. 7 and 8. In Fig. 7, 4nuU^/D 
is plotted against log (H/2a). As H is reduced, the data 
tend toward the empirical curve of W h i t e , w h o  studied the 
case of boundary dominated flow. Also shown in Fig. 7 is
29
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the theoretical formula of Takalsl,^^ who solved Oseen's
equations for the drag per unit length of an infinite
length cylinder between parallel walls.
When the sidewall influence was small, the reciprocal
2of Ujj was found to vary linearly with 1/H . was
2
obtained by plotting 1/U^ versus 1/H and extrapolating to 
infinite H. Figure 8 is an empirical correlation of the 
data; the solid line, which is a least squares fit with 
zero intercept, is given by
U j^ /Ur = 1 + 3.60 (2a/H)2(L/2a)l/2/Rgy. (15)
Therefore, the boundary correction depends not only on the 
relative distance H/2a but also on the length to diameter 
ratio L/2a and on the Reynolds number Re^ = 2aUR/v. For 
ROr = 1 and L/2a = 100 the boundary correction can be made 
less than 0.1% by choosing H to exceed 200 diameters. 
Boundary effects become more important at lower ROr and 
longer cylinder lengths. It is clear from Fig. 7 and from
? p Q
the data of White and deMestre that Eq. (15) is valid 
only when the boundary influence is small.
Equation (15) can be put into an alternate form:
Ul /Ur  = 1 + 3.60(l/RR)(2aL)l/2/H (l6)
where Rr = UrH/v is a Reynolds number based on boundary
1/2separation. If (2aL) is interpreted as the diameter of 
an equivalent sphere, this correction is (except for the
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factor of similar to the corrections derived by
29Brenner.
The effects of the bottom and of the endwalls (i.e.,
the vertical walls perpendicular to the cylinder axis) were
observed to be negligibly small. The influence of the
bottom was studied with a 0.0337 cm diameter, 1.946 cm
length cylinder (ASTD #80) in the 0.5 cm^/sec fluid
(Rerj = 0.24). Time of flight measurements were made with 
n
H = 25.8 cm, with the end walls 24 cm from the cylinder 
ends, and with the bottom of the container 12.11 cm below 
the lower timing point. Moving the bottom to 6.45 cm below 
the lower timing point had no detectable influence on the 
time of flight within the precision of the measurement 
(0.1%). Moving the bottom to 1.21 cm below the lower 
timing point resulted in a 0.4% increase in the time of 
flight. The same cylinder was used to see if the end walls 
affected U^. When the container length was halved, there 
was no change observed in the time of flight within 0.1%.
The effect of the free surface was not studied but was 
presumed to be similar in magnitude to the bottom effect 
and was therefore neglected.
B. The Length Correction
By far the most important correction was for the effect 
of the finite length of the cylinders. Experiments were
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2 2 done in both the 0.5 cm /sec and 1 cm /sec fluids with
different lengths of the #6l, 65, 70, and 75 cylinders. A
linear relation was found between 1/U^ and 1/L. This is
shown as the solid curve in Pig. 9» and numerical values
are given in Table IV. U was obtained by extrapolating to
infinite L. The differences between U and for the
longest cylinder was 1.4% of U at Re = 2.6 and 5.5% of U
at Re = 0.22. The values of Uy in Table IV were obtained
with H = 25.8 cm.
Figure 10 is a correlation of the data appearing in 
Pig. 9 and also includes data for the #65 and #70 cylinders. 
The solid line in Pig. 10 is a least squares fit with zero 
intercept and is given by
U/U^ = 1 + 1.36(2a/L)(Re"5/8). (17)
The correction for finite length is more important for 
cylinders of small length to diameter ratio and at lower 
Re. With this correction it was possible to obtain for 
a single cylinder and correct it to U. This was done for 
the remaining cylinders. The internal consistency of 
Eq. (17) was examined by applying it to the longest length 
#6l, 65, 70, and 75 cylinders. On the average there was 
agreement within 0.4% between the value of U obtained by 
extrapolation from the data and the value calculated from 
Eq. (17). The maximum disagreement was found at Re = 0.227, 
where it was 1.1%.
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The data of Jayaweera and Mason^^ are consistent with
P
the linear relation between 1/17^  and 1/L. White found a 
similar but more complicated relation that Included the 
Influence of a cylindrical boundary. Furthermore, this 
extrapolation to Infinite length Is not without theoretical 
justification. Shl^^ has applied the method of matched 
asymptotic expansions to a long thin ellipsoid of revolu­
tion In transverse flow. He found the drag at low Re to be 
represented by
F/4npU^L = G+E [Ei(R/2)+&n2-l+2(l-e )/R]+0(e^) (l8)
00
where L Is the major axis, E^fx) = / u“ e'^^du, R = U^L/v 
and e Is the same as our Eq.( 9 ) with Re = 2aU^/v based on 
the minor axis. For R > 6 Eq. (18) can be accurately 
approximated by
P/4npU^L = E + e^[(2/R) + £n2 - 1]. (19)
If Eq. (19) Is solved by Iteration for as a function of
L, a linear relation between 1/U^ and 1/L similar to the
present result Is found. This Is shown as the dashed line
in Fig. 9. As can be seen, the general trend of the
cylinder data Is reproduced by Shi’s formula. The agreement
2cannot be exact because the coefficient of the e term does 
not vanish In the limit of Infinite R (infinite L) as It 
must If Eq. (19) Is to agree with Kaplun’s formula for the
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cylinder. The difference in the formulas is due to the 
difference in geometry between the cylinder and the 
ellipsoid.
A simple phenomenological model can be developed for
the length effect if it is supposed, as Shi has done for
the ellipsoid, that the effects of the ends can be isolated
from the central section. Let the flow be two dimensional
over most of the length of the cylinder and let three
dimensional flow be limited to a narrow region (of length
A) near each end. The drag is considered to consist of the
sum of two parts: the drag on the middle, assumed to
be proportional to and L, and the drag on the ends, P^,
assumed to be proportional to and to A, but to be
independent of L. By assumption, = k^U^L and P^ = k^U^A
where k^ and k^ are constants of proportionality. If
A << L, then the total drag is given by k^U^L + k^U^A 
2
= 7Ta Lg(p - p^) where p is the cylinder density and p^ is 
the liquid density. This relation can be solved for 1/U^:
n k k^A ,
ÿ- = — 2---------- + — 2----------  L" (20)
L Tra g(p - p^) ira g(p - p^ )^
Therefore, the linear relation between 1/U^ and 1/L follows 
from simple assumptions, primarily that the end effects are 
small.
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C. The Drag
Table I summarizes the results of this experiment. In 
columns 2 through 4 are the cylinder diameter, the longest 
cylinder length, and the measured drag per unit length. 
Columns 5 and 6 give the fluid kinematic viscosity and 
density. The values of in column 7 are averages of at 
least 10 trials with H = 25.8 cm. U (column 8) was calcu­
lated from Ujj in two steps by means of Eq. (15) and (17);
Utt was first corrected to infinite container by Eq. (5) to
n
get U^; then U was determined by solving Eq. (17) by
iteration. Column .8 also gives (in parenthesis) the values
of U for the #6l, 65, 70, and 75 cylinders determined by
extrapolation of the data for each cylinder individually.
Columns 9 and 10 are the final results. They give the
Reynolds number and the fractional deviation from the Lamb
drag. The values from these columns are plotted in Fig. 11.
The present results indicate that the Lamb drag is
being approached from below via Kaplun's formula. They
18give good support to the work of Takami and Keller at 
Reynolds numbers of 1 and 2 (and hence with Nieuwstadt and
on
Keller at Reynolds number of 1) and with the more recent
17work of Schlamp, Pruppacher, and Hamielec. They show a
progressive deviation from the values of Hamielec and Raal
and of Griffin as the Reynolds number becomes smaller than
unity. The present results do not support Underwood's^^
20solution. Nieuwstadt and Keller studied the effect of
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early series truncation on the accuracy of their solution.
They imply that the discrepancy between their (and therefore
the present experimental) results and Underwood's results
is due to truncation and computational boundaries. The
distinguishing factor of the remaining numerical solutions
is the management of the outer computational boundary.
Schlamp^^ placed it more than 1100 radii away, Nieuwstadt^^
placed it slightly more than 23 radii, while Underwood used
" i R
only 4 radii at Re = 10. Takami and Keller used an
32extrapolation based on Imai's asymptotic solution of the 
Navier-Stokes equation. The procedure used by Hamielec and 
Raal is claimed by Keller^^ to be a modification of that set
1 Q
forth by Takami and himself. Keller disputes its 
validity.^3*34
The curve drawn through the data in Fig. 11 is an 
empirical result given by
(D/Dj^ ) - 1 = -0.87e^ + 0.154[1 - exp(-Re)]e^. (21)
Equation (21) is simple in form and has only on adjustable 
constant. It is not unique, however. For Re < 2 the data
2 9
can also be represented by -0.87e + 0.656e + 0.113s or
by -0.87e^ + 0.054e^ - 0.52e^, for example. The theoretical
31formula of Skinner can be made to fit the data reasonably
well (for Re < 1.2) by the addition of a term 0.4e . All
of these functions will diverge rapidly because of the
singularity in e at Re = 7.4. A fit based on a hyperbola
displaced along the x-axis is D/D^ - 1 = -0.1291[(Re + 0.385lf 
2 1/2- (0.3651) ] ; this equation predicts to two decimals the
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values of Schlamp^^ but the curve shape Is not quite right 
for Re < 0.5. This formula predicts also the values of 
Nieuwstadt and Keller at Re = 10, 20, 30 and 40 to the same 
accuracy.
Figure 12 is the traditional plot of drag coefficient 
versus Reynolds number. It compares the present work with 
Tritton's experimental values and with the formulas of Lamb 
and Kaplun. On the average, the present values are lower 
than Tritton's. Prom Fig. 12 it can be seen that Eq. (21) 
is limited in its range of prediction to Re < 3; above 
Re = 3 it diverges rapidly. Figure 13 shows log(C/e) 
plotted versus log(Re). On this type of plot Lamb’s formula 
is a straight line with slope negative one. The asymptotic 
approach to Lamb’s solution appears very clearly here.
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CHAPTER IV 
SUMMARY AND CONCLUSIONS
This experiment has provided experimental values of the 
drag per unit length of infinite length cylinders in an 
unbounded fluid. These values were deduced by empirical 
means from observations of the sedimentation of solitary, 
finite length cylinders in a large container. Since the 
intent of this experiment was to provide accurate values 
for the drag, care was taken to minimize the experimental 
uncertainties.
The drag was measured as the cylinder's effective 
weight in the fluid instead of indirectly calculating it 
because the direct measurement suppressed errors in the 
cylinder .diameter, the cylinder length and the fluid density. 
This was particularly important for the smallest cylinder 
diameters used. The sedimentation velocity was measured by 
the time of flight method. For the experimental arrangement 
(Fig. 6) times of flight were reproducible to 0.1% and the 
velocity was calculated to an accuracy of 0.2%. Table III 
summarizes the error estimates.
The effects of finite boundaries and finite lengths 
were accounted for by empirical means. The container effects 
were primarily due to the sidewalls and were found to be 
small. Equation (15) yields corrections of less than 0.1%. 
The largest correction was due to the finite lengths of the
46
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cylinders. A linear relation was observed between the 
reciprocal of the terminal velocity and the reciprocal of 
the cylinder's length (Fig. 9). This observation is 
qualitatively supported by Shi's low Reynolds number 
calculation for the transverse drag experienced by an 
ellipsoid of revolution. Extrapolations to infinite length 
caused corrections of 1.4# to 6.6# in the terminal velocity.
The results of this experiment (Pig. 11) and the 
previous sphere results (Pig. 4), when viewed together, 
indicate that the method of matched asymptotic expansions 
is a valid way of generating higher order corrections to 
the Lamb and Stokes solutions for the cylinder and the 
sphere respectively. The convergence of the method appears 
to be slow, however. Proudmah^has suggested an alternate 
procedure for the sphere. Van Dyke's semianalytical method 
of series truncation seems to be a good way of extending the 
range of the analytical approximations. This is because the 
method solves a set of coupled ordinary differential 
equations. The mathematical treatment of ordinary differen­
tial equations is better understood than that of partial 
differential equations. Schlamp, eib ^ . , and Takami and 
Keller do show that good results can be predicted by solving 
partial differential equations, but care must be taken with 
the outer computational boundary. Finally, the present 
results approach the Lamb drag via Kaplun's formula implying 
that the Lamb drag is valid only at very small Reynolds 
numbers.
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